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Abstract. We compare the ability of single and multi-objective evo-
lutionary algorithms to evolve tunable self-sustained genetic oscillators.
Our research is focused on the influence of objective setup on the suc-
cess rate of evolving self-sustained oscillations and the tunability of the
evolved oscillators. We compare temporal and frequency domain fitness
functions for single and multi-objective evolution of the parameters in
a three-gene genetic regulatory network. We observe that multiobjec-
tivization can hinder convergence when decomposing a period specific
based single objective setup in to a multi-objective setup that includes a
frequency specific objective. We also find that the objective decomposi-
tion from a frequency specified single objective setup to a multi-objective
setup, which also specifies period, enable the synthesis of oscillatory dy-
namics. However this does not help to enhance tunability. We reveal
that the use of a helper function in the frequency domain improves the
tunability of the oscillators, compared to a time domain based single
objective, even if no desired frequency is specified.

Keywords: Gene regulatory networks, in silico evolution, sustained
oscillation, evolutionary algorithms, multiobjectivization.

1 Introduction

An important area of computational science is systems biology, and over recent
years there have been many contributions to the field of biology from computer
scientists and mathematicians. Many biological systems lack a global theoretical
basis and one way to improve our understanding is to analyse the dynamics of
the system in silico, i.e. in a computational environment. The evolutionary syn-
thesis, or production, of these dynamics can be tested in computational simula-
tions to investigating biological hypothesis that may be subject to experimental,
theoretical and timescale limitations.

Nature is full of complex biological systems and those that are of interest to
biologists and computer scientists often consist of large numbers of interacting
genes. These complex networks can be broken down into smaller subnetworks
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often containing repeating patterns that appear more often than they would in
a random network [1, 2]. These repeating patterns are known as network motifs
and are believed to be the building blocks of complex biological networks, which
are modular in structure [1, 2]. Motifs that produce self-sustained oscillations
are particularly important in biological systems [3, 4] and are involved in circa-
dian rhythms [5] and the active transport of hydrogen ions [6]. The ability to
accurately tune the period of a genetic oscillator is vital in biological modelling
due to the range of oscillator periods observed. Biological oscillatory time scales
range from seconds for neuronal and cardiac rhythms [5], to minutes for mitosis
cell cycles [7], to hours for the sleep/wake cycle [8] and circadian rhythms [6],
to weeks for the ovarian cycle [5] and to years for predator-prey population cy-
cles [9]. Further examples and details about biological oscillations can be found
in [5, 10, 11].

To produce oscillations, biochemical systems require negative (repressive) reg-
ulatory circuits [4], which also improves robustness to environmental perturba-
tions [12], a necessity of many biological systems [1]. Moreover negative auto-
regulation (NAR), where a gene will repress its own protein production, results
in a rapid response to an input signal which is important for biological systems
and are common in biology as it can help reduce noise [1]. Positive feedback
loops have been demonstrated to enhance frequency tunability in biological os-
cillators, with little cost to amplitude, biological systems therefore often contain
both positive and negative regulatory circuits [13].

Gene regulatory networks (GRNs) can be modelled through gene-protein in-
teractions, where genes produce proteins, which interact with genes and affect
protein production. The dynamics and structure of GRNs is important in the
understanding of natural evolution [3] and the analysis of GRN motifs is a grow-
ing area of importance in systems biology [1, 14]. A common way to model gene
regulatory dynamics is to use differential equations [15]. To generate typical reg-
ulatory dynamics in silico, evolutionary algorithms (EAs) have widely been used
to evolve the parameters and structure of GRNs [3, 16, 17, 18, 19]. However, it is
noted that the evolution of oscillatory dynamics is non-trivial and many different
objective functions have been suggested to facilitate the evolution of oscillation
[3, 16].

In this work, we investigate the use of techniques such as multi-objective
optimisation and multiobjectivization to improve the success rate and tunability
in evolving sustained genetic oscillators, which have been used to accelerate
convergence speed and obtain the global optimum [20, 21, 22].

The differential equations describing the dynamics of the genetic networks
studied in this work are introduced in Section 2. Various single and multi-
objective fitness setups are proposed in Section 3. The description of the single-
and multi-objective EAs adopted in this work is given in Section 4, followed by
the experimental results and discussions in Section 5. Section 6 concludes the
paper and suggests a few topics for future work.
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2 Gene Regulatory Networks

Here we model the GRN, shown in Fig. 1, using the interaction of the genes
through their protein production. The GRN contains a negative feedback loop,
as this can generate sustained oscillations for interacting genes, and a positive
feedback loop, which has been demonstrated to aid evolvability, robustness and
tunability of the oscillator when used with a negative loop [13]. All genes in the
network also use negative auto-regulation (NAR), where the protein of a gene
represses its own production [3]. The use of NAR can decrease response time
to an input signal [1], which is an essential function in biological systems. This
functionality is important in many prokaryotic transcription networks, such as
E. coli, which uses NAR in up to 56% of it’s expressed transcription factors [23].

x3x1

x2

Fig. 1. A consistently regulated motif consisting of three genes with x2 as the target
gene. Here arrows and lines with bar ends represent activating and repressor inter-
actions between the genes respectively. All the genes here also have negative auto-
regulations (not shown).

Here we model the protein interactions between the genes using the following
differential equations,

ẋ1 = a12H12(x2)− a11x1 , (1)

ẋ2 = a23L
(
H23(x3), H21(x1)

)
− a22x2 , (2)

ẋ3 = a32H32(x2)− a33x3 . (3)

Where ẋi is the time derivative of xi, x2 is the target gene, aij are regulatory
parameters, Hij(xj) is the Hill function and L

(
H23(x3), H21(x1)

)
represents the

logic function which combines the interaction of two regulatory genes to the
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target gene. The Hill function can represent either an activating, Ha
ij(xj), or

repressive gene interaction, Hr
ij(xj), as shown in (4).

Ha
ij(xj) =

βxn
j

θni + xn
j

; Hr
ij(xj) =

β

1 + (xj/θi)n
, (4)

where i and j represent the gene interaction pair, xi and xj , n is the Hill coeffi-
cient, β is the production rate and θi is the threshold for gene xi. The interactions
from x1 and x3 to x2 are combined using summation logic, L(x, y) = 1

2 (x + y).

3 Single Objective versus Multi-objective Approach

3.1 Single Objective

Time Domain. It is possible to produce self-sustained oscillations in (1), (2)
and (3) by reducing the error between the dynamics of only the target gene,
described by (2), and a desired oscillatory state of a specified period. As an
oscillation can be described using a simple sine wave, we define the desired state
of the target gene as

xd
tg(t) = sin

(
2πt

T

)
, (5)

where T is the period of the oscillator. Using this desired state we define the
mean specified time domain fitness, fts , for R number of runs of each individual
as

fts =
1

R

R∑
r=1

N∑
t=0

(
xi
tg(r, t)− xd

tg(t)
)2

. (6)

Here r is the run number, N is the number of time steps and xi
tg(r, t) is the

state of the target gene for the ith generation of run r at time t. This mean
squared error (MSE) method provides a simple, tunable fitness function in the
time domain.

Frequency Domain. One difficulty with the MSE method in the time domain
is that an individual solution that produces a sustained oscillation that is out
of phase with the desired state, given in (5), will lead to a high MSE. This is
a consequence of the simple fitness function defined in (6). This high MSE may
lead to these individuals being removed from the population, possibly in favour
of solutions with a lower MSE value that do not produce oscillations. In order
to avoid this potential loss of desired solutions, a fitness function based on the
frequency of the oscillation is required. We perform a Fourier Transform on (5)
to determine the frequency of the oscillation using the FFTW3 algorithm, as it
has been demonstrated to be very efficient for discrete Fourier Transforms [24].
The maximum value in the frequency spectrum denotes the main frequency
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component of the wave, which is equal to the integral of the curve for a pure
sine wave. For the GRN dynamics there may be some chaotic behaviour initially
in the temporal plane so the distribution of frequencies may not be a delta-like
function as in the case for a pure wave. Therefore in order to produce a sustained
oscillation we first define the desired frequency for the target gene,

ωd
tg = MAX

{
F̂

[
sin

(
2πt

T

)]}
, (7)

where MAX denotes the peak in the frequency domain, F̂ [sin (2πt/T )] is the
Fourier Transform of the desired state of the target gene from (5). To determine
the fitness for solution i, we apply a Fourier Transform to the target gene and
calculated the MSE as in (6),

fωs =
1

R

R∑
r=1

N∑
t=0

(
F̂
[
xi
tg(r, t)

] − ωd
tg

)2

, (8)

where xi
tg(r, t) is the state of the target gene. This is a slightly more complex ob-

jective setup than for the time domain, however, due to the efficiency of FFTW3,
there is no noticeable effect in computational performance.

3.2 Multi-objective

Time and Frequency Domains. Here we use the MSE fitness definition for
both the time and frequency domains in a multi-objective setup. Here we use
two objectives, f1 and f2, which are equivalent to (6) and (8) respectively. These
objectives have the same goal due to the inverse relationship between frequency
and period. This setup can therefore be considered a decomposition of the single
objectives described in Section 3.1, in to a multi-objective setup. This decomposi-
tion is referred to as multiobjectivization and has been shown to aid convergence
for certain problems [25, 26].

Time Domain and Non-Specific Fourier Transform. We also investigate
a multi-objective setup which uses a Fourier Transform, but not for a specified
frequency. In this method we use the MSE fitness function for the time domain
as defined in (6) and a frequency domain fitness different from (8). Here we use
the Fourier Transform not to specify a desired frequency, but simply to produce
an oscillation. To produce an oscillation of a non-specific frequency we use the
following fitness function with no need for a desired state

fωu =
1

R

R∑
r=1

1

MAX {ĝ (r, ω)}
∫

ĝ (r, ω) dω , (9)

where ĝ (r, ω) is the Fourier Transform of the target gene dynamics for the rth
set of random initial conditions,
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ĝ (r, ω) = F̂
[
xi
tg (r, t)

]
. (10)

The oscillator is tuned using the time domain fitness function, whereas the
Fourier Transform is to improve the oscillator success rates and remove the
non-oscillatory solutions. In this setup the two objectives are given by (6) and
(9) for f1 and f2 respectively. Again this is an example of multiobjectivization as
the addition of the frequency objective, although it does not specify a frequency,
is a helper function that could aid the algorithm in converging to oscillatory
solutions. This could help avoid solutions with a low fitness in the time domain
objective, such as an equilibrium that corresponds to the point of highest gra-
dient for the oscillations. As with objective decomposition, multiobjectivization
through adding helper functions has been shown to aid convergence [25, 27] and
may also provide more non-dominated solutions with no extra cost to functional
evaluation [22].

4 The Evolutionary Algorithms

To ensure fairness of the comparison of the single and multi-objective fitness
setups, we use the same crossover and mutation operators in the single and
multi-objective EAs. In addition, both algorithms adopt an elitism strategy.
The main difference is that in the single objective optimisation, a deterministic
elitism similar to the plus strategy in evolution strategies is adopted, whereas in
the multi-objective case, elitist non-dominated sorting operations are used, i.e.
NSGA-II [21]. NSGA-II has been shown to be successful at solving a wide range
of optimisation problems. In the following, we will present the details of the
two EAs.

4.1 Genetic Variations

Simulated Binary Crossover. The standard recombination operator used in
binary genetic algorithms (GAs) is the crossover operator, in which segments
are taken from the string of values of the parents to form the offspring. For
real-coded GAs, however, a simulated binary crossover (SBX) operation can be

used. For parent solutions x
(1,t)
i and x

(2,t)
i to produce offspring solutions x

(1,t+1)
i

and x
(2,t+1)
i first a random number, ui, between 0 and 1 is chosen and used to

determine

βqi =

⎧
⎨
⎩

(2ui)
1

n+1 if ui ≤ 0.5(
1

2(1−ui)

) 1
n+1

otherwise .
(11)

The offspring solutions are then calculated as follows:

x
(1,t+1)
i = 0.5

[
(1 + βqi)x

(1,t)
i + (1− βqi) x

(2,t)
i

]
, (12)
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x
(2,t+1)
i = 0.5

[
(1− βqi)x

(1,t)
i + (1 + βqi) x

(2,t)
i

]
. (13)

In all simulations we set the recombination probability to 0.9.

Polynomial Mutation. For binary coded algorithms, which are encoded by a
fixed length string, discrete mutation operations are used [28]. These operations
use a mutation probability to determine if the value of the parameter is flipped.
However for real-coded GAs, a polynomial mutation operator is used. For these
operations the mutation probability is based on the number of dimensions, Δ,
in the problem pm = Δ−1. The distribution of a spread factor is defined as,

P (βmi) = 0.5 (n+ 1) (1− |βmi|)n , (14)

where βmi is given by,

βmi =

{
(2ui)

1
n+1 − 1 if ui ≤ 0.5

1− (2 (1− ui))
1

n+1 otherwise .
(15)

If a mutation in the individual occurs, the parameter value is given as

x′ = x+ (α− δ)βmi , (16)

where α and δ are the upper and lower bounds for the mutation values respec-
tively. Further details of both the SBX and polynomial mutation operations can
be found in [29].

4.2 Single-Objective Selection

For the single objective (SO) setup we use an elitist strategy known as (μ+ λ),
where after each generation μ parents and λ offspring solutions are combined and
ranked in terms of their fitness. The fittest λ solutions of this combination are
selected as the parent population for the next generation. We adopt this strategy
for both the objective problems given in (6) and (8) and use a population size
of 100 for both parent and offspring solutions. This strategy ensures that good
solutions are not discarded after each generation, and has been demonstrated to
aid convergence in many optimisation problems [17, 21, 30]. It has been widely
reported that elitist strategies can lead to premature convergence at local, rather
than global, optima for some optimisation problems. However, here we are in-
terested in the production of self-sustained oscillations rather than obtaining
a global optimal solution and therefore all solutions that produce oscillatory
dynamics are considered successful.

4.3 Multi-objective Selection

The two multi-objective (MO) setups described in Section 3.2 are solved us-
ing the elitist non-dominated operations in NSGA-II. Here, after fitness evalua-
tion, parent and offspring solutions are combined and sorted into non-dominated
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fronts, where front 1 is comprised of non-dominated solutions, front 2 is com-
prised of solutions that are only dominated by the solutions on front 1, etc.
Next the crowding distance operation is applied to all solutions, which is the
average distance between a solution and its nearest neighbours on the same
non-dominated front. A new population of size μ is then filled from the non-
dominated fronts starting with the solutions on front 1, then from successive
fronts if there are spaces in the new population. If there are more solutions on
a front than spaces in the population the most diverse solutions, i.e. those with
the largest crowding distance, are selected. Once this new population is full, two
randomly selected solutions are compared in a tournament selection, with a low
front wining the tournament. In the case that the solutions are from the same
front, the solution with the higher crowding distance is selected as the better
solution to promote the diversity of the population. The resulting solutions from
the tournament selection form the mating pool for the next generation and the
crossover and mutation operations described in Section 4.1 are applied to pro-
duce the next generation of offspring solutions. Further details on this algorithms
and the operations used can be found in [21].

5 Result and Analysis

5.1 Success Rates: Untuned Oscillators

Single Objective. All objective setups are simulated 50 times for different ran-
dom number seeds to investigate the success rates of the method at producing
self-sustained oscillations. We run all simulations for 100 generations. Oscilla-
tions, of varying periods, are observed in 31 runs for the time domain fitness
setup described in Section 3.1. For the frequency domain setup, also described
in Section 3.1, no oscillations of any period were observed. Although the single
objective time domain setup can potentially lead to the loss of oscillatory so-
lutions due to phase shifts, it is still successful at producing oscillations. The
frequency domain method is not only unable to avoid the potential problem of
phase shift in the time domain, it is unable to lead to oscillatory dynamics at
all, sustained or damped.

Multi-objective. For the multi-objective setups, the combination of the time
and frequency domain single objectives described in Section 3.2, lead to 24 ob-
served oscillations out of the 50 test cases. The decrease in observed oscillations
may be due to the frequency domain objective, which is unable to produce os-
cillations unaided. To further test the effect of multiple objectives in oscillation
production success rates, we also used the setup of the single objective time
domain fitness and an untuned Fourier Transform fitness as described in Sec-
tion 3.2. Here we observed 22 oscillations of the 50 simulations, showing a slight
decrease compared to the other multi-objective setup.
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Fig. 2. Tunability of the oscillator for single objective (SO) and multi-objective (MO)
setups. The objective setup is indicated by ts, ωs and ωu for (6), (8) and (9) respectively.
Here Included is a y = x line for clarity.

5.2 Success Rates: Tuned Oscillators

We also investigated the tunability of the oscillator period using the four setups
detailed in Section 3. Here we simulate oscillator periods varying from 1 to 20
for 50 test cases. The oscillators are tuned according to (6) and (8), however the
observed oscillations produced appear to vary in period for each test case. The
periods of the successful oscillations are measured and compared to the desired
oscillator period shown in Fig. 2. Here we compare the observed oscillator periods
for all setups against the desired periods. The single objective frequency domain
method is not included as there were no observed successful oscillations. The
multi-objective (MO) setups provide more solutions than the single objective
(SO) setup because the MO simulations contain an archive of solutions which
cannot be compared directly and so all oscillatory solutions are plotted. For a
given MO simulation there may be several solutions in the archive that produce
oscillations, but not necessarily all. This leads to a range of observed periods for
each simulation at each desired period. For MO simulations with more than one
oscillatory solution, the observed periods are averaged to give the datum point
in Fig. 3. The error bars are the maximum and minimum periods observed in
that simulation and represent the spread of that values. For the MO simulations
that only have one successful solution a single point only is included.
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Fig. 3. Averages for multi-objective (MO) results. The MO points represent the average
oscillator periods and the error bars represent the maximum and minimum values for
each simulation; see text for details.

These results indicate that neither the single or multiple objective setups
are tunable for the small three gene configuration, Fig. 1, used here. The SO
setup in the time domain appears to be tunable for low period oscillations T ≤
9. At higher oscillator periods however, this setup becomes less tunable and
begins to diverge from the desired period. The MO methods both demonstrate
a large spread of periods for successful runs. Though the average values appear
to follow a similar pattern to the single objective setup, with the exception of
a few outliers, this does not indicate a tunable oscillator. Average values are
used here as there is no direct way to compare archive solutions from the MO
setup and so we cannot say if a solution is better than another without further
analysis. Even when including all MO archive solutions only two solutions fall
on the line indicating the observed period is the desired period in Fig. 2. These
two solutions are at T = 11 and T = 12 and are the only oscillatory solutions
from the archive for their respective runs. This is represented by the fact that
they do not have bars on the values in Fig. 3. It is however worth noting that
the SO setup was unable to produce an oscillation at the period.

5.3 Discussion

No objective setup investigated in this work is able to reliably produce tun-
able oscillations. One notable observation here was the inability for a simple
frequency based objective function to produce an oscillation when an equivalent
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time domain objective is successful. This may be a result of the desired state
used as the Fourier Transform of a pure sine wave will produce a single peak
in the frequency domain. However the dynamics of a randomly initialised GRN
may initially be completely different and thus the EA is not able to find a pa-
rameter set that is able to produce a pure sine wave and therefore a single peak
in the frequency plane. When considering these aspects, and that the fitness only
determines the location of the peak with no width constraints, this objective is
more complex than the time domain objective. This is in contrast to (9), where
the width constraint comes from the minimisation of the MSE and therefore
the area of the curve. Thus, for the specified frequency objective, very broad
peaks that have low maximum values are considered good solutions if they peak
at the correct frequency regardless of the rest of the frequency profile. Adding
other objectives such as minimising the width of the peak could also be used.
However incorporating this into an objective that also specifies the location of
the peak, and thus the frequency, may be nontrivial. Further investigation in to
the frequency domain objective setup is needed in order to tune the oscillator.

The addition of a second objective based on an unspecified frequency, (9),
leads to a spread in the observed oscillator period. This is a consequence of the
second objective not specifying an oscillator period. Solutions that are oscillatory,
but not of the required period, will be retained if the value of (9) is low despite
the value of the other objective, (6). This gives an indication as to why there is
a large spread of observed oscillations and is likely to be a consequence of the
selection operations in NSGA-II. The crowding distance operation used in the
non-dominant sorting part of NSGA-II favours more diverse solutions to provide
a wide-spread Pareto front. This, however, will ultimately lead to solutions with
a low value for the unspecified frequency objective, (9), even at the cost of
a more optimal time domain objective. Thus in the Pareto optimal solutions
there may be many different oscillator periods representing the optimal solutions
for the unspecified frequency based objective. The addition of this objective
has however aided the convergence to tuned oscillators. It is able to produce
solutions that are close to the desired period for a larger range than the SO
setup using the same time domain objective. The improvement can be seen for
periods T = 5, 6, 10, 11, 12 and 14, with only a slight decrease in desired period
for T = 8 and 9 compared with the SO setup (see Fig. 2). However there are
potentially more solutions for this setup due to the Pareto front, thus more
analysis is required for this method than for a SO method.

In comparison with the above setups, the MO method, which specifies the
period and frequency, should help remove the spread of observed periods. How-
ever, this is not the case, and this setup performs worse with increasing oscillator
period. This cause of failure is likely to be the same as the SO specific frequency
setup. However it is interesting that the addition of another objective, that speci-
fies the period, enables this set to produce oscillations, though does not improve
tunability. This demonstrates that the decomposition of a SO problem into a
MO one can aid convergence for the case of the SO frequency domain objective
compared with the MO time and specified frequency domain setups. Here the
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SO frequency domain was unable to produce any oscillations but the addition of
a time domain objective enabled oscillatory dynamics to be produced from the
GRN.

6 Conclusions and Future Work

Both the decomposition of a single objective problem into a multiple objective
problem and the use of a helper function have effects on the convergence of the
problem investigated here. For the case of objective decomposition, we find that
the addition of a specified frequency based method to a time based setup does
not aid convergence, and performs worse in some cases. However for the case of
adding a time based objective to a frequency based setup, objective decomposi-
tion enables the evolution of oscillations though does not aid tunability. We also
observe that the use of an unspecified frequency based helper objective to a time
based objective shows improvements in tunability at some periods compared with
the single objective setup. This indicates that the effect of multiobjectivization
on performance is dependent on the problem and a general statement on the
effects cannot be made, which was also observed in [22, 25]. The results here
also indicate that the effects of multiobjectivization may also depend on the
objective setup and fitness domain used in the optimisation problem.

Objective setup in the in silico evolution of oscillatory dynamics of gene regu-
latory networks requires much more investigation, particularly the single objec-
tive frequency domain objective. Further investigation into objective setup could
lead to a tunable oscillator using a small gene regulatory networks and evolu-
tionary algorithms. Network size and loop combination have also been shown to
be important in tuning oscillators [13], therefore a wider range of gene regulatory
network structures, such as gene number, logic functions, auto-regulation and
feedback setups should also be investigated.
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