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Abstract. The incorporation of prior knowledge into neural networks can improve
neural network learning in several respects, for example, a faster learning speed
and better generalization abilit y. However, neural network learning is data driv en
and there is no general way to exploit knowledge which is not in the form of data
input-output pairs. In this paper, we propose two approaches for incorporating
knowledge into neural networks from fuzzy rules. These fuzzy rules are generated
basedon expert knowledge or intuition. In the ¯rst approach, information from the
derivativ e of the fuzzy system is used to regularize the neural network learning,
whereas in the second approach the fuzzy rules are used as a catalyst. Simulation
studies show that both approaches increasethe learning speed signi¯can tly .
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1. In tro duction

Conventional neural network learning algorithms are based solely on
the available data examples.Knowledgeabout the systemwhich is not
in the form of input-output data pairs cannot usually be exploited.
In real applications this restriction can be problematic. The data ac-
quisition is usually expensive and/or the data is inherently noisy and
its reliabilit y therefore limited. Furthermore, if the whole system state
cannot be measuredand a reconstruction processhas to be applied,
the number of independent data pairs is reducedfurther. On the other
hand, more general knowledge about the system is often available in
linguistic form. The optimal exploitation of this knowledge for net-
work learning can reduce the number of required data sets and speed
up the learning process.Therefore, the transfer of knowledge, some-

y Also a±liated with the Dept. of Electrical Eng., Zhejiang Univ ersity, Hangzhou,
P.R. China.

c° 2003 Kluwer Academic Publishers. Printe d in the Netherlands.

report-label.tex; 17/04/2003; 10:54; p.1



2

times termed hints, which is not in the usual data format, into neural
networks is currently receiving increasingattention.

Di®erent forms of prior knowledgemay be available. The most com-
monly usedprior knowledgeis called the invariancehint (Abu-Mostafa,
1993b).This hint suggeststhat f (x) = f (x0) for somex and x0. Another
type of hint is the monotonicity hint (Sill and Abu-Mostafa, 1997),
which implies that the function to be learned is monotonically increas-
ing or decreasingwithin a certain range. In addition, the minimum
Hamming distance(Al-Mashouq and Reed,1991)and knowledgeabout
the derivative of the input-output function of the system(for example,
it is straightforward to know that if the input increases,the output
increasestoo) can be used as prior knowledge. According to the dif-
ferent typesof available knowledge,di®erent cost functions have been
suggestedas a regularization term that is added to the standard error
function of the neural network learning algorithm.

If we take a closer look at the learning processin humans, we ¯nd
that it can also be helpful if several related tasks are learned at the
sametime. Hence, the secondmain approach to the incorporation of
knowledgeinto neural networks is to let the neural network learn several
related taskssimultaneously (Caruan, 1995).Theseadditional tasksare
called catalytic hints (Abu-Mostafa, 1993a).

Theoretical analysisof somesimple problemshasshown that adding
extra knowledge or hints to the learning process improves the per-
formance of neural networks after and during learning. Abu-Mostafa
(1993a) and Barber (1996) have shown that hints or extra knowledge
improve the generalization abilit y of neural networks.

The hints we mentioned above are not very general.A more general
approach to using additional information besidesdata pairs for network
learning would be to expressthis information in a fuzzy rule system
(Zadeh, 1973)and to usethe fuzzy systemasa regularization term or a
catalytic hint for network learning. In this way, a moregeneralstructure
for knowledge representation, which is not basedsolely on data pairs,
can be exploited for the adaptation of a neural network. The knowledge
may comefrom an expert, from intuition or from someintuitiv eanalysis
of the system.The kinetics of a robot manipulator servesasan example
in this work, sinceintuitiv e fuzzy rules are easily generated(Section 2)
which can be exploited for network learning. The fuzzy systemcaptures
the general behaviour of the system (robot manipulator) and can be
usedasa regularization term (Section3) and asa catalytic hint (Section
4) for network learning. In Section 5, the results from both methods
will bepresented and analyzed.Weconcludethe paper with a summary
of our ¯ndings.
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2. Kno wledge Represen tation with Fuzzy Rules

In many areas of application more general knowledge about the be-
haviour of a system is available (i.e. from experts) which cannot be
described by input{output data pairs. Fuzzy systemsoften are a more
appropriate structure for the representation of this kind of knowledge.
The IF-THEN rule basein fuzzy systemsis believedto bemorecompat-
ible with the way high level decisionprocessesin humans are reached.
Furthermore, the variables used in fuzzy rules are linguistic variables
which are more appropriate to represent generalknowledge(i.e. knowl-
edge about the main elements rather than limited details). In this
section we deduceseveral fuzzy rules for the simple robot manipulator
with two links. From Figures 1 (a), (b) and 2 (a) and from \common
sense"we can write down the following nine fuzzy rules, which we will
use in the next sectionsto supplement the purely data basedlearning
of the neural network.
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Figure 1. The fuzzy kinematics (a) £ 1 small and (b) £ 1 medium. The universe of
discourse for the inputs is [0; ¼

2 ].

1. If µ1 is small and µ2 is small , then y is small ;
2. If µ1 is small and µ2 is medium, then y is quite small ;
3. If µ1 is small and µ2 is large , then y is medium;
4. If µ1 is medium and µ2 is small , then y is quite large ;
5. If µ1 is medium and µ2 is medium, then y is large ;
6. If µ1 is medium and µ2 is large , then y is quite large ;
7. If µ1 is large and µ2 is small , then y is very large ;
8. If µ1 is large and µ2 is medium, then y is large ;
9. If µ1 is large and µ2 is large , then y is medium

For the formulation of these fuzzy rules we used three linguistic
terms (small , mediumand large ) for the two linguistic input variables
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Figure 2. (a) The fuzzy kinematics £ 1 large . (b) Membership functions for the
inputs

and six linguistic terms (small , quite small , medium, quite large ,
large and very large ) for the linguistic output variables. We note
that these fuzzy rules have been obtained solely from observation of
the spacerelationships of the manipulators, without knowledgeof the
mathematical relations.

Before these fuzzy rules can be used in neural network learning,
proper membership functions must be de¯ned. The de¯nition of the
membership functions is basedon knowledge from human experts. A
straightforward choice is to use triangular membership functions as
shown in Figure 2 (b). For the sakeof simplicit y, weusefuzzy singletons
for the output variable; they are approximately set1 as [0.0, 0.7, 1.0,
1.4, 1.7, 2.0] assumingthat the length of each link is 1. Figure 3 (a) and
(b) show the input-output surfacedescribed by the real systemand by
the fuzzy system.

3. Regularization with Fuzzy Deriv ativ e

In this section, we will use the information from the derivative of
the fuzzy system to regularize the neural network learning. This fuzzy
derivative information canbeseenasadditional knowledgeto belearned
by the neural network. Without the knowledge about the derivative,
the neural network learnsonly the information at each samplepoint. If
the derivative information at thesepoints is given, the neural network
can additionally learn information about the behaviour of the system

1 The ¯rst value has to be zero in order to guarantee that the height is zero if
both angles are zero.
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Figure 3. The kinematics of the real system (a) and the fuzzy system (b)

betweensamplepoints.

Regularization is a method for constrained learning of neural net-
works. Originally , regularization wasusedto improve the generalization
abilit y of neural networks based on empirical or Bayesian methods
(Bishop, 1995). In our work, we use the fuzzy derivative for regular-
ization primarily to provide extra knowledge to the neural network.
Similar to conventional regularization algorithms, weadd an extra term
to the quadratic error function:

J = E + ¸ ­ : (1)

E is the conventional quadratic error function:

E = (yN N ¡ yt )2; (2)

whereyN N is the output of the neural network and yt is the target out-
put. In equation (1) ¸ is the regularization coe±cient, which is usually
much smaller than 1 and hasto be set manually. ­ is the regularization
term describing the di®erencebetween the partial derivatives of the
neural network and the target partial derivatives calculated from the
fuzzy rule system:

­ =
nX

i =1

µ
@yN N

@x i
¡

@yF S

@x i

¶ 2

; (3)

where i is the number of inputs.
In order to derive the learning algorithm, we assumethe neural

network is given in the following form:

yN N =
HX

j =1

vj f (
nX

i =1

wij x i ): (4)
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Equation (4) describes a standard feed-forward neural network with
one hidden layer and H hidden nodes.The activation function for the
output node is linear, whereasthe activation function for the hidden
neurons is given by the following logistic function:

f (z) =
1

1 + exp(¡ z)
: (5)

Now we can derive the learning algorithm according to the cost
function in equation (1) using the gradient method. The di®erentiation
of equation (1) with respect to the output weights vj , results in

@J
@vj

=
@E
@vj

+ ¸
@­
@vj

(6)

In equation (6), the ¯rst term on the right side is the standard gradient
term for neural network learning and will not be discussedfurther. For
the secondterm, we derive:

@­
@vj

=
nX

i =1

µ
@yN N

@x i
¡

@yF S

@x i

¶
@(@yN N =@x i )

@vj
(7)

=
nX

i =1

µ
@yN N

@x i
¡

@yF S

@x i

¶
@D
@vj

;

where:
@D
@vj

= f 0(:)wij : (8)

Similarly, the learning algorithm for the input weights wij can be
obtained:

@­
@wij

=
nX

i =1

µ
@yN N

@x i
¡

@yF S

@x i

¶
@D
@wij

(9)

@D
@wij

= vj f 0(:) + vj wij f 00(:)x i ; (10)

where f 0(:) and f 00(:) are the ¯rst and secondderivativesof the activa-
tion function, thus

f 0(:) = f (1 ¡ f ) (11)

f 00(:) = (1 ¡ 2f )f (1 ¡ f ): (12)

In order to calculate the derivative error in equation (3), we have
to calculate the derivative of the neural network with respect to its
inputs x i :
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@yN N

@x i
=

HX

j =1

vj
@f
@x i

(13)

=
HX

j =1

vj f 0(:)wij :

There are two di®erent possibilities to calculate the derivative of
the fuzzy system. The ¯rst approach is to use the analytical form of
the fuzzy system and to apply the partial derivative to it.

The output of the fuzzy system described in Section 2 can be com-
puted as follows:

yF S =

P 9
i=1 yi min

¡
A1

i (µ1); A2
i (µ2)

¢

P 9
i=1 min(A1

i (µ1); A2
i (µ2))

; (14)

where yi is one of the six singletonsspeci¯ed in Section 2, A1
i (µ1) and

A2
i (µ2) are one of the three membership functions for µ1 and µ2 re-

spectively (seeFigure 2 (b)). However, the analytical form of equation
(14) is rather complicated especially when triangular fuzzy member-
ship functions are used. An alternativ e approach is to calculate the
derivative numerically:

@yF S

@x i
¼

yF S(x i + ¢ x i ) ¡ yF S(x i )
¢ x i

; (15)

where ¢ x i should be selectedappropriately.
In this section, we derived the regularized error function J for the

neural network in equation (1) and its gradient in equations (9,10)
incorporating the fuzzy derivative information. In Section 5, we will
apply the proposedmethod to the problem of neural network learning
of the manipulator relations intro duced in the last section.

4. Fuzzy Systems As Catalysts

In the previous section, we intro duced the fuzzy derivative as a reg-
ularization term for neural network learning. As a second approach
to using fuzzy rules as additional knowledge for neural networks, we
intro duce the idea of catalysts. Catalytic hints were ¯rst proposedby
Suddarth and Holden (1991) to improve the learning performance of
feed-forward neural networks. Abu-Mostafa (1993a) has shown that
by intro ducing catalytic hints into neural networks, the e®ective VC
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dimension of the problem will be reduced.The VC dimension (Blumer
et al., 1989; Vapnik, 1995) indicates an upper bound for the number
of examplesneededby a learning process.The idea behind catalytic

y

yc

         Catalyst    Neuron

Figure 4. Catalyst learning.

learning is shown in Figure 4. Here the output y of the output neuron
is required to approximate the target output yt . In addition, the output
yc of the augmented (catalyst) neuron is required to approximate the
output, which is similar to the target output and which we will refer
to asyt

c. During neural network learning, thesetwo output neuronsare
trained simultaneously. It has been shown that by adding the extra
catalytic task the network can adapt the correct weights in the hidden
layer for the original task represented by yt more easily.

Of course,the main problem is to ¯nd an appropriate, related task
represented by yt

c, which is then called the catalyst function. A possible
choice for yt

c is a simpli¯ed version of the original output target yt .
Fuzzy systemsdesignedby experts which only capture the principles
behind a certain task are therefore a sensiblede¯nition for yt

c. In the
next section, we will use the fuzzy system from Section 3 as a cata-
lyst function for the neural network. This represents a secondway to
incorporate non data-basedknowledge into the neural network and to
support the standard network learning.

5. Sim ulation Results

In order to show the e®ectivenessof the two knowledge incorpo-
ration methods (Section 3 and 4), we implement these algorithms for
learning a simple robotics task using neural networks. The robot con-
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sidered in the following is a two-link planar manipulator as discussed
in Section 2. The length of each link is set to 1 and the angle of each
link varies between [0; ¼

2 ]. All samples are generated randomly. The
neural network used is a feed-forward network with one hidden layer
and 10 hidden nodes and is trained with standard back-propagation.
The activation function for the hidden nodesis the logistic function and
the output nodes are linear. In each run two data sets are randomly
generated, one training set with 11 (insu±cient 2 data) or 101 (su±-
cient data) samples,respectively, and a test set with 200 samples.The
weights of the network with and without knowledgeincorporation were
initialized randomly in the interval [¡ 0:05; 0:05]. All results presented
in this section are the averageof twenty di®erent runs.

5.1. Regularized Learning

Firstly , we consider the situation in which the available learning
samplesare insu±cient. Eleven examplesare generatedfor the training
set and 9000 learning cycles are carried out. Figure 5 (a) shows the
training and test errors with and without the fuzzy derivative regu-
larization averaged over 20 runs. We observe that by incorporating
knowledge from the fuzzy system the learning speed is signi¯cantly
increasedand the ¯nal error after 9000 learning cycles considerably
reduced.The di®erencebetweenthe ¯nal error is larger on the test set
than on the training set which corresponds well with the assumption
that the incorporation of non-data basedknowledge can enhancethe
generalization abilit y of the network.

If the available data is su±cient, as in Figure 5 (b) (101 samples),
the ¯nal error is hardly reduced, however the e®ecton the learning
speed remains. The learning speed increaseis more evident in Figure
6, which shows the ¯rst 1500cyclesof Figure 5 (b). It takes,for exam-
ple, on averageca. 300 cycles until the standard network reaches the
sameerror (0.25) as the network{fuzzy systemon the test set. In real-
time applications the improvement of the learning speedof the neural
network can be essential and even imperative if neural networks are to
be employed at all.

2 In the following the description of data sets as small or insu±cient compared
to large or su±cient implies that the data sets do not contain enough information
about the system in order for the model to generalizewell after learning, i.e. in order
to reach a similar error on the test set as on the training set.
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Figure 5. Regularized learning: (a) Training and test error for 11 data samples
averaged over 20 runs; (b) Training and test error for 101 data samples averaged
over 20 runs.
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Figure 6. Regularized learning. The training and the test error for 101 samples
during the ¯rst 1500 learning cycles (the ¯rst 1500 cycles of Figure 5).

5.2. Cat al yzed Learning

In this section, we will show that fuzzy knowledgecan be used as
a catalyst function in neural network learning. An output node and
the corresponding weights are added to the neural network as shown
in Figure 4. This node is removed after the network training. Similar
to the regularized learning, two casesare considered.In the ¯rst case
11 examplesand in the second101 examplesare generatedrandomly
to train the task neuron of the neural network. The samenumber of
examples(identical input) are generatedby the fuzzy rule system in
order to train the catalyst neuron. The training and test results are
shown in Figure 7 (a) and (b) again averagedover 20 runs. The results
are similar to thosefor the regularization technique. For the small data
set, the network with knowledge incorporation performs better, both
with respect to learning speedand the ¯nal error. Again the decrease
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Figure 7. Catalyzed learning: (a) Training and test error for 11 data samplesaver-
aged over 20 runs; (b) Training and test error for 101 data samples averaged over
20 runs.

of the error on the test set indicates improvement of the generalization
abilit y of the network. In the caseof the larger data set,Figure 7 (b), the
¯ndings are similar to those in the last section. Figure 8 (a) highlights
the increaseof the learning speedof the network for catalyzed learning.
Closer observation of the curves at later cycles,as shown in Figure 8
(b), reveals that the error curves for both the training and the test
data sets for the network with and without knowledge incorporation
intersect after 6500cyclesand 3500cycles,respectively. Sincethe e®ect
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Figure 8. Catalyzed learning. The training and the test error for 101 samplesduring
the (a) ¯rst 1500 learning cycles (the ¯rst 1500 cycles of Figure 7) and (b) during
learning cycles 2000{9000.

alsooccurson the test data, it is unlikely that overtraining of the feed-
forward neural network is responsible. An alternativ e explanation is
that, due to its fuzzy nature, the additional knowledge itself is not
error free. Therefore, after a certain number of cycles, the network
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performancedepends on the accuracy of the additional knowledge. If
this is indeedthe case,then a possibleextensionwould be to reducethe
in°uence of the additional knowledgewith increasingnumber of cycles.
In this case,the additional knowledgewould be exploited at the start
of the training processasa meansof speedingup the adaptation and it
would be removed in later periods when the ¯ne tuning of the network
should depend solely on the assumed,more accurate data. Of course,
for insu±cient data sets (Figure 7 (a)) this e®ectcannot occur.

6. Conclusion

In this paper, two feasibleapproachesto knowledgeincorporation into
neural networks with the help of fuzzy rules have beensuggestedand
applied to the task of modeling a two-link robot manipulator. The
fuzzy rules can act as a bridge to transfer knowledge into examples
which can be exploited by neural networks during learning. The ¯rst
approach usesinformation from the derivative of the fuzzy systemasa
regularization term for the network learning. In addition, the fuzzy rule
system,which is generatedbasedon expert knowledge,wassuccessfully
usedasa catalytic function in neural network learning. In both casesthe
learning speedof the network was increasedconsiderably. As expected,
the quantitativ e increasedepends on how much information is given
to the network in each cycle, i.e. how large and e±cient the data
set is which is used for learning. The ¯nal error of the network was
decreasedsigni¯cantly for small data sets. The decreaseon the test
set, in particular, indicates that the abilit y of the network to generalize
was enhanced by exploiting the additional knowledge. This kind of
knowledge exploitation has also been reported using non-fuzzy based
hints by Abu-Mostafa 1993a. In the case of the large data set and
catalyzed learning a slight increase in the error of the network was
observed, which might be due to the inherent error in the fuzzy system.

Knowledgeincorporation by adding a regularization term performed
better than catalyst learning both with respect to the quantitativ e
decreaseof the error and to the increase of the learning speed. At
the sametime the error increaseat later learning cyclesonly occurred
for the catalyst learning. This e®ectwill be the subject of future re-
search together with the application of the method to real world data
sets in order to determine whether the improved performance of the
regularization method holds in general.
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