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Abstract Regularization is an essential technique to improve
generalization of neural networks. Traditionally, regularization is
conduced by including an additional term in the cost function of a
learning algorithm. One main drawback of these regularization
techniques is that a hyperparameter that determines to which
extension the regularization in uences the learning algorithm
must be determined beforehand.

This paper addresses the neural network regularization prob-
lem from a multi-objective optimization point of view. During
the optimization, both structure and parameters of the neural
network will be optimized. A dightly modi ed version of two
multi-objective optimization algorithms, the dynamic weighted
aggregation (DWA) method and the elitist non-dominated sort-
ing genetic algorithm (NSGA-II) are used and compared. An
evolutionary multi-objective approach to neural network regular-
ization has a number of advantages compared to the traditional
methods. First, a number of models with a spectrum of model
complexity can be obtained in one optimization run instead of
only one single solution. Second, an ef cient new regularization
term can beintroduced, which isnot applicable to gradient-based
learning algorithms.

As a natural by-product of the multi-objective optimization
approach to neural network regularization, neural network
ensembles can be easily constructed using the obtained networks
with different levels of model complexity. Thus, the model
complexity of the ensemble can be adjusted by adjusting the
weight of each member network in the ensemble. Simulations
are carried out on a test function to illustrate the feasibility of
the proposed ideas.

I. INTRODUCTION

One of the most essential issues in neural network training
is to improve generalization of the neural network models.
In other words, neural network models should not only have
a high approximation accuracy on the data samples used
in the training, but also show good performance on unseen
data. A class of commonly used techniques for improving
generalization of neural networks is known as regularization,
which aims to prevent the learning algorithm from over- tting
the training data. Several regularization techniques have been
suggested in the literature, such as early stopping, weight
decay and curvature-driven smoothing [1].

A popular approach to regularization is to include an addi-
tional term in the cost function of learning algorithms, which
penalizes overly high model complexity. A hyperparameter,
known as the regularization parameter determines to what
extent the regularization will in uence the learning algorithm.
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That is to say, this parameter will determine the model com-
plexity of the trained neural network. The larger the parameter
is, the higher the penalty will be on the model complexity.
However, it is usualy not trivial to determine a suitable model
complexity that is optimal for the problem at hand. Very often,
this has been done by minimizing an estimated generalization
error [2]. To estimate the generalization error, it is usually
necessary to split the available data into a training data set
and a validation data set. Unfortunately, selecting models
by minimizing an estimate of the generalization error is not
always consistent, as it has been mentioned in [3].

From the multi-objective optimization point of view, includ-
ing a regularization term in the cost function is equivalent
to combining two objectives using a weighted aggregation
formulation. Thus, it is straightforward to re-formulate the
regularization techniques as multi-objective optimization prob-
lems. Such ideas have rst been reported in [4]. In that paper,
a variance of the e-constraint algorithm was adopted to obtain
one single Pareto-optimal solution that simultaneously mini-
mizes the training error and the norm of the weights. Similar
work has also been reported in [5], where a multi-objective
evolutionary algorithm is used to minimize the approximation
error and the number of hidden nodes of the neural network.
Again, only the one with the minimal approximation error has
been selected for nal use.

This paper presents a method for regularizing neural net-
works using multi-objective evolutionary algorithms. Thus, no
hyperparameter needs to be speci ed beforehand. A number
of Pareto-optimal neural networks, instead of one single net-
work will be generated in the evolutionary optimization. Two
existing multi-objective algorithms, the dynamic weighted ag-
gregation (DWA) method [6], [7] and the elitist non-dominated
sorting genetic algorithms (NSGA-I1) [8] are dightly modi ed
to adapt them to the structure and parameter optimization of
neural networks. Life-time learning of the parameters, i.e., the
weights of the neural network is carried out using a fast and
robust learning algorithm known as the RProp* algorithm [9].
The weights trained by the RPropt algorithm are inherited by
the individuals, which is often known as Lamarkian evolution
[1Q]. Since evolutionary algorithms are used in optimization,
a more direct model complexity measure, the number of
connections in the network can be used as the regularization



term.

The performance of the DWA-based and the NSGA-I1 based
multi-objective optimization algorithms are compared on the
Ackley function [11]. It is shown that the non-dominated
solutions in the nal generation are often dominated by other
solutions obtained in the history of optimization, athough
NSGA-II is basically an €litist agorithm. This becomes more
serious when the population size is small. This indicates that
the population may not be able to maintain the found non-
dominated solutions. On the other hand, it is shown DWA
works quite well for neural network structure and parameter
optimization, although it has been often used for continuous
parameter optimization problems. However, the accuracy of
the DWA is worse than that of the NSGA-II if a large
population size is used.

Neural network ensembles can be constructed straightfor-
wardly using the non-dominated solutions generated in the
multi-objective optimization. Since they are quitediversi edin
structure, these networks are natural candidates for construct-
ing network ensembles. Illustrative examples on constructing
neural network ensembles from the obtained non-dominated
neural networks are also provided.

Il. NEURAL NETWORK REGULARIZATION

The most common error function in training or evolving
neural networks is the mean squared error (M SE):
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where N isthe number of training samples, (i) is the desired
output of thei-th sample, and y(%) isthe network output for the
i-th sample. In this work, we consider multi-layer perceptron
(MLP) neura networks with one output. Refer to [1] for other
error functions, such as the Minkowski error or cross-entropy.
It has been found that neural networks can often over-
t the training data, which means that the network has a
very good approximation accuracy on the training data, but
avery poor one on unseen data. To improve generalization of
neural networks, regularization techniques are often adopted
by including an additional term in the error function:

J=E+\Q, o)

where A is a hyperparameter that controls the strength of
the regularization and Q2 is known as the regularizer. A most
popular regularization method is known as weight decay:
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where k is an index summing up all weights.

One weakness of the weight decay method is that it is not
ableto drive small irrelevant weights to zero, which may result
in many small weights [12]. The following regularization term
has been proposed to address this problem [12]:
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Fig. 1. A connection matrix and the corresponding network structure.

This regularization was used for structure learning, because it
is able to drive irrelevant weights to zero.

Both regularization terms in equations (3) and (4) have
also been studied from the Bayesian learning point of view,
which are known as the Gaussian regularizer and the Laplace
regularizer, respectively.

I1l. EVOLUTIONARY LEARNING AND REGULARIZATION
A. Parameter and Structure Representation of the Network

A connection matrix and a weight matrix are employed
to describe the structure and the weights of the MLP neu-
ral networks. Obviously, the connection matrix speci es the
structure of the network whereas the weight matrix determines
the strength of each connection. Assume that a neural network
consists of M neuronsin total, including the input and output
neurons, then the size of the connection matrix is M x (M +1),
where an element in the last column indicates whether a
neuron is connected to a bias value. In the matrix, if element
cij,t =1,...,M,j =1,..., M equals 1, it means that there
is a connection between the i-th and j-th neuron and the
signal  ows from neuron j to neuron i. If j = M + 1, it
indicates that there is a bias in the i-th neuron. Obvioudly, for
a purely feedforward network, the upper part of the matrix,
except the (M + 1)-th column is always zero. Fig. 1 illustrates
a connection matrix and the corresponding network structure.
It can be seen from the gure that the network has one input
neuron, two hidden neurons, and one output neuron. Besides,
both hidden neurons have a bias.

The strength (weight) of the connections is de ned in the
weight matrix. Accordingly, if the ¢;; in the connection matrix
equals zero, the corresponding element in the weight matrix
must be zero too.

B. Multi-objective Optimization Formulation of Regulariza-
tion
It is quite straightforward to see that the neural network

regularization in equation (2) can be reformulated as a bi-
objective optimization problem:

min {fl;fQ} (5)
h = E, (6)
f2 = 9, (7

where E is de ned in eguation (1), and Q is one of the
regularization terms de ned in equation (3) or (4).



Since evolutionary algorithms are used to implement reg-
ularized learning of neural networks, a new and more direct
index for measuring complexity of neural networks can be
employed, which is the number of connections in the neural

network:
Q=3 > e ®
i g

where ¢;; equals 1 if there is connection from neuron j to
neuron ¢, and 0 if not. Obvioudly, the smaller the number of
connections in a network is, the less complex the network.
Note that this regularizer is well suitable for evolutionary
optimization athough it is not applicable to gradient-based
learning algorithms due to its discrete nature. We term this
evolutionary regularizer for convenience.

C. Mutation and Life-time Learning

A genetic algorithm with a hybrid of binary and real-valued
coding has been used for optimizing the structure and weights
of the neural networks. The genetic operators used are quite
speci ¢. Four mutation operators are implemented on the chro-
mosome encoding the connection matrix, namely, insertion of
a hidden neuron, deletion of a hidden neuron, insertion of a
connection and deletion of a connection [10]. A Gaussian-
type mutation is applied to the chromosome encoding the
weight matrix. One of the ve mutation operatorsis randomly
selected and performed on each individual. No crossover has
been employed in this agorithm.

After mutation, an improved version of the Rprop algorithm
[9] has been employed to train the weights. This can be seen
as a kind of life-time learning within a generation. After
learning, the tness of each individual with regard to the
approximation error (f;) is updated. In addition, the weights
modi ed during the life-time learning are also encoded back
to the chromosome, which is known as the Lamarkian type of
inheritance.

In the life-time learning, only the rst objective, i.e., the
approximation error will be minimized. The Rprop learning
algorithm is employed in this work because it is believed that
the Rprop learning algorithm is faster and more robust than
other gradient-based learning algorithms.

Let w;; denotes the weight connecting neuron 5 and neuron
i, then the change of the weight (Aw;;) in each iteration is as

follows: SE®
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where sign(-) is the sign function, Ag) > 0 is the step-size,
which is initialized to Aq for al weights. The step-size for
each weight is adjusted as follows:
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where 0 < £~ < 1 < £F. To prevent the step-sizes from
becoming too large or too small, they are bounded by A iy <
A < Amax.

One exception must be considered. After the weights are
updated, it is necessary to check if the partial derivative
changes sign, which indicates that the previous step might be
too large and thus a minimum has been missed. In this case,
the previous weight change should be retracted:
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Recall that if theweight changeis retracted in the ¢-th iteration,
the E® /dw;; should be set to 0.

In reference [9], it is argued that the condition for weight
retraction in equation (11) is not always reasonable. The
weight change should be retracted only if the partia derivative
changes sign and if the approximation error increases. Thus,
the weight retraction condition in equation (11) is modi ed as
follows:
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It has been shown on several benchmark problems in [9]
that the modi ed Rprop (termed as Rprop™ in [9]) exhibits

consistent better performance than the Rprop algorithm.
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D. Fitness assignment and selection: DWA versus NSGA-I |

The two multi-objective optimization algorithms are the
same except that different strategiesin  tness assignment and
selection have been adopted. In the rst algorithm, the two
objectives are aggregated into one single tness function, as
suggested in [6]:

F=nE+(1-n. (13)
As the evolution proceeds, the weight 7 is gradually changed
from 1 to 0. In this way, a number of Pareto-optimal solutions
can be obtained. Since the DWA method reduces a multi-
objective optimization problem to a dynamic single objective
optimization problem, the tournament selection method used
in [9] can directly be adopted.

In the second algorithm, the  tness assignment and selection
proposed in NSGA-II [8] is employed. At rst, the off-
spring and the parent populations are combined. Then, a non-
domination rank (r;) and a local crowding distance (d;) are
assigned to each individual in the combined population. After
that, the crowded tournament selection is implemented. In the
crowded tournament selection, two individuals are randomly
picked out from the combined population. If individua A
has a higher (better) rank than individual B, individual A is
selected. If they have the same rank, the one with a better
crowding distance (the one locating in a less crowded area) is
selected. Compared to  tness sharing techniques, the crowded
tournament selection guarantees that aways the individual
with a better rank is selected. The crowding distance can be
calculated either in the parameter or objective space. In this
work, the distance is computed in the objective space.






