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Abstract— The distrib ution of the Pareto-optimal solutions
often has a clear structur e. To adapt evolutionary algorithms to
the structur e of a multi-objecti ve optimization problem,either an
adaptive representationor adaptive genetic operators should be
employed. In this paper, we suggestan estimation of distrib ution
algorithm for solving multi-objecti ve optimization, which is able
to adjust its reproduction processto the problem structur e. For
this purpose,a new algorithm called Voronoi-basedEstimationof
Distribution Algorithm (VEDA) is proposed.In VEDA, a Voronoi
diagram is used to construct stochasticmodels,basedon which
new offspring will be generated.Empirical comparisons of the
VEDA with other estimation of distrib ution algorithms (EDAs)
and the popular NSGA-II algorithm are carried out. In addition,
representationof Pareto-optimal solutions using a mathematical
model rather than a solution set is also discussed.

I . INTRODUCTION

The search behavior of evolutionary algorithms (EAs)
stronglydependson the representationandthe geneticopera-
tors.The adaptationof the representationand/ortheoperators
have beenvery successfulfor adjustingthe searchbehavior
to the local structureof the searchspace,examplesare the
self-adaptationprinciple in evolution strategies [21], operator
adaptationin the structureoptimization[8] or adaptive repre-
sentationsin designoptimization[18]. For the areaof multi-
objective optimization (MOO), a hybrid representation(HR)
hasbeenproposedto utilize different searchbehavior in one
algorithm in [15]. The HR showed better performancethan
the state-of-the-artmulti-objective optimizers. As a natural
extension of the HR algorithm, we consider in this paper
another class of evolutionary algorithms, often known as
Estimationof Distribution Algorithms(EDAs) [12], which are
believed to have the ability to adapttheir searchdistributions
to the problemstructureef�ciently . The basic idea of EDAs
is to build a stochasticmodel from the parentaldistribution
in the parameterspaceand to generateoffspring individuals
by samplingfrom the model. Thus, crossover and mutation
in standardgeneticalgorithmsare replacedby estimationof
the distribution and offspring generationfrom the estimated
distribution.

A new algorithm, termedas Voronoi-basedestimationof
distribution algorithm(VEDA), will beproposedin this paper.
It is motivatedfrom theobservationson the intrinsic interplay
betweenthe distributions in the parameterspaceand in the
�tness space[14], [15]. Themainpurposeis to take advantage
of the regularities (problem structure) in MOO by directly

estimatingthemostappropriatesearchdistribution. In estimat-
ing the searchdistribution, not only the selectedindividuals,
but also those that are not selectedare taken into account.
The reasonis that inferior solutionsare also able to provide
useful information for ef�cient search.This is of particular
importancewhen �tness evaluationsare computationallyex-
pensive. In contrast,otherEDAs aswell asEAs often neglect
the information containedin the inferior individuals because
only information of selectedindividual are usedto generate
offspring. An illustration is drawn in Figure 1. In the upper-
right �gure, only informationof selectedindividualsareused
to generateoffspring.Sincenon-selected(inferior) individuals
arenot takeninto account,theprobabilityto generateoffspring
near inferior individuals is rather high. Our basic idea is to
exploit all available information to overcomethis drawback
(seethe bottom �gures), so that the probability to generate
offspring nearinferior individuals is accordinglylow.
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Fig. 1. Basic Idea of Voronoi-basedEstimationof Distribution Algorithm
(VEDA). All available information are usedto generatepromisingoffspring
ef�ciently. In otherevolutionaryalgorithms(EAs) includingotherEDAs, only
information from selectedindividuals areused.

The VEDA employs Voronoi diagramsto generatestochas-
tic models, which cover the parameterspace.A Voronoi
diagramis a method for partitioning a spacerelated to the
nearest-neighborpartition, which can be de�ned as follows
[7]:
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wheredist is the Euclideandistance.

Clustering techniques[11] have been used to divide the
selectedindividuals into a numberof groups and then one
Voronoidiagram(onemodel)will begeneratedfor onegroup.
Meanwhile, principal componentanalysis (PCA) [10] has
beenemployed to reducethe dimensionality. Both measures
are very important in higher dimensional cases,where it
becomesmoretime-consumingto generatestochasticmodels.
Finally, new offspringwill begeneratedby samplingfrom the
generatedmodels.

Therestof this paperis organizedasfollows.Relatedwork
is explainedin SectionII. SectionIII describesthemainsteps
of VEDA in detail. The proposedmethodis testedon several
MOO test functionsand the resultsareshown in SectionIV.
Finally, a summaryof the paperwill be given in SectionV.

I I . RELATED WORK

Geneticalgorithms(GAs) are well known to be powerful
tools to obtain optimal solutions for complex optimization
problems.As a varianceof GAs, estimationof distribution
algorithms(EDAs) have recentlyreceived considerableatten-
tion [23].

Accordingto recentsurveys[12], [20], they canbeclassi�ed
into threeclassesaccordingto the interactionsin the models,
i.e., no interaction, pairwise interaction and multivariable
interaction.The �rst classof modelsdoesnot considerany
epistasis.Thus,eachlocuscanbe treatedindependently. The
second class considersonly pairwise dependency. Finally,
models with multivariable interaction are able to take any
type of dependency betweenvariables into account.Since
the model proposedin this paper belongs to the class of
multivariableinteraction,someof the popularmethodsin this
category will be discussednext.

Bayesian Optimization Algorithm
To learn the linkage betweenparametersand thereforethe
structureof the problem,Bayesiannetworks areused,e.g. in
[13]. With the Bayesiannetworks, the conditionalprobability
is approximated.Each nodeand connectionin the Bayesian
networks correspondto the parametersand the conditional
probability, respectively. Finally, the factorizedprobability is
used to generateoffspring. Recently, this method has been
appliedto MOO problems[13].

Iterated Density Estimation Evolutionary Algorithm
(IDEA)
Bosman and Thierens have proposedfour types of EDAs
that all belong to the class of IDEA [1]. The �rst one is
for the discretedomain where the conditional probability is
used to build up the stochasticmodel. The others are for

the continuousdomain.A normalizedGaussian,a histogram
methodand a kernel methodare usedto generatestochastic
models. They have mentioned that the use of a mixture
distribution gives a powerful representationof complicated
dependencies.Thekernel-basedmethodhasbeenalsoapplied
to MOO, which is termedmixture-basedIDEA [22].

Parzen-BasedEstimation of Distrib ution Algorithm
To generatestochasticmodels, a Parzen estimator is used
to approximatethe probability density of solutions[3]. The
Parzenmethodpursuesa non-parametricapproachto kernel
densityestimation.This methodhasbeenusedfor MOO [3].

Mar ginal Histogram Model
For eachparameter, thesearchspaceis dividedinto smallbins
[23]. Theratio of thenumberof individualsin eachbin to the
whole numberis assignedas the selectionprobability. With
this probability, a bin is selectedrandomly. In the selected
bin, an offspring is generateduniformly. Tsutsui et al. [23]
have alsopointedout theproblemof anexponentiallygrowing
numberof bins in higherdimensionalcases.

I I I . VORONOI-BASED ESTIMATION OF DISTRIBUTION

ALGORITHM

In this section,detailsof the VEDA will be presented.The
basic�o w of the VEDA is shown in Figure2. As pointedout
in [20], constructionof the stochasticmodel and generation
of new offspring from the stochasticmodelare the two main
issuesin EDAs. Therefore,we show more details of these
stepsin Figures3 (a) and(b), respectively.

In Figure 2, a stochasticmodel will be generatedfrom a
database.If thedatabasedoesnotexist, initial datawill begen-
eratedrandomlyandevaluated.Basedon thestochasticmodel,
new promising individuals will be generatedand evaluated.
With the fast rankingmethod[5], the rank of the individuals
will be calculated.Using the crowded tournamentselection
[5], individualswill beselectedandstoredin thedatabase.The
non-selectedindividualswill be storedin a differentdatabase
as”bad examples”.Note that whennew dataareaddedto the
database,the stored rank information can becomeincorrect
andthusshouldbeupdated.Themaintenanceof thedatabases
will be explained in SectionIII-F in more detail. If a given
terminationcondition is met, the VEDA will stop,otherwise
the sameprocedurewill be repeated.In the database,design
parameters,�tness valuesandranksarestored.

Figure 3 explains the detailsof the approachfor building
up the model and for generatingoffspring. To construct
stochasticmodels,a clusteringmethod[11] is used.In each
cluster, principal componentanalysis(PCA) [10] is carried
out to reducethe dimensionalityand to build up a stochastic
model ef�ciently . The datapoints will be projectedto a new
coordinatesystemof a lower dimensionalitydeterminedby
PCA. The minimum and maximum value for eachaxis will
be calculated.SincePCA wascarriedout, linear dependency
amongthe designparametersshouldbe minimal. In the new
coordinatesystem,a Voronoi diagram will be generatedas
the stochasticmodel. Basedon the rank of each mesh in



the diagram,the probability for generatingoffspring will be
calculatedfor each mesh. To generatea new individual, a
meshwill be selectedbasedon the assignedprobability and
a new individual will be generatedwithin the selectedmesh
with a uniform probability. Finally, thenew individual will be
projectedback to the real coordinatesystem.

Although the Voronoi diagramseemsto be similar to the
histogrammethod, the method is different in the following
aspects:(1) The shapeof a mesh in the Voronoi diagram
changeswith the distribution of the data. (2) The number
of data points in a meshwill not be counted.Whereasthe
histogram method needsa large amount of data in high-
dimensionalcases,the Voronoi approachin VEDA requires
only a smallamountof data.Thereasonis thatVEDA usesthe
rankinsteadof thenumberof datapointsin a meshto estimate
the probability; (3) A bin without data has a probability of
zero in the histogrammethod.In contrast,the probability in
theregionwherenodatapointsexist is approximatedusingthe
nearestdatapoint in a Voronoi diagram.Thus,the probability
of the unexploredregion is not alwayszero.

Themodelconstructionandtheoffspringgenerationwill be
explainedin more detail in the following sections.Addition-
ally, maintenanceof thedatabaseswill beexplainedin Section
III-F.

Generate New Data

Start

End

Terminate ?

Fitness Value
Design Parameter

RankCalculate Rank

Database

Maintenance of Database

Store in Database

Evaluate New Data

Generate Model

Selection

Fig. 2. The basic�o w of VEDA.

A. Clustering

In the VEDA, the selectedindividuals are groupedinto a
numberof clustersat �rst. Local modelsinsteadof a global
modelwill be constructedfor eachcluster. For this purpose,a
clusteringmethodis neededto groupthedata.Referto Figure
4. In thispaper, thek-meansclusteringproposedby MacQueen
[11] hasbeenused.To usethe k-meansclustering,onehasto
determinethe value of

�

, i.e., the numberof clusters.In this
paper, the value of

�

will be determinedat randomwithin a
rangeof ���

�

����� . Betterperformancecanbereachedwhen
�

is
setusingsomea priori knowledgeabouttheParetofront in the
parameterspace.For example,the numberof clusterscanbe
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Select Mesh with

Selected Mesh Uniformly
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Calculate Coordinate in PS
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Generate Model

Project Data on
New Coordinate System

Calculate Min-Max Values
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Add Perturbation
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Fig. 3. The detailed�o w in VEDA. (a) Flow for generatinga stochastic
model.(b) Flow for generatingoffspring.

determinedby thenumberof disconnectedpiecesof thePareto
front. This implies that

�

could be equalto � . However, this
kind of a priori knowledgeis oftennot availablein real-world
applications.In simulations,we do not usesuchknowledgeto
allow for a fair comparisonwith otheralgorithms.

Cluster 1

Cluster 2

Cluster 3

Global Model

Local Model

Fig. 4. Threeclustersdeterminedby � -meansclustering. It is obvious that it
will be easierto identify stochasticmodelsfor eachof the clustersseparately
insteadof for the whole dataset.

B. Principal ComponentAnalysis

To reducethedimensionalityandto constructmodelsmore
ef�ciently , PCA is used in this paper. Figure 5 shows two
differentdatasets.If thereis epistasisbetweenthe variables,
refer to Figure 5 (b), it is reasonableto map them onto a
coordinatesystemthat can minimize the linear correlations,
seeFigure 5 (a). Thereby, we can reducethe dimensionality
andbuild modelsmoreef�ciently .

C. Perturbationof Offspring Distribution

In real-codedgeneticalgorithms(RCGAs), e.g. [6], [19],
the PCA or Gram-Schmidtorthogonalizationhave also been
used.Unimodal normal distribution crossover (UNDX) [19]
and parent-centricrecombination(PCX) [6] are examplesin
which orthogonalizationis used.However, the useof orthog-
onalization in MOO may give rise to problems.In Figure
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x2 x2
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(a) No epistasis (b) Epistasis(linear correlation)

Fig. 5. Sampledatasets.(a) Datawithout epistasis.(b) Datawith epistasis.

6, the results of UNDX on SCH11 with 50 dimensionare
shown2. Clearly, the solutionsetsarenot on the Paretofront.
However, they seemto be on similar curves.Taking a closer
look, we �nd out the reasonfor this problem.If all solutions
areon oneline in the parameterspace,the algorithmlosesits
searchability in the orthogonaldirection.A roughillustration
is drawn in Figure7. Sinceall solutionslie ononeline which is
not theParetofront, all offspringwill begeneratedon this line.
Thus,thereis no way to �nd theParetofront. This happensin
the VEDA too, which canbe regardedasa kind of premature
convergence.
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Fig. 6. The results of UNDX on
SCH1 ( ������� ) with 30 runs. The
crowdedtournamentselectionis used.
Dottedcurve is the Paretofront.

Parameter Space
Principal Axis

No Search Capability

Pareto Front

Fig. 7. The searchpower for the
orthogonaldirectionwill be lost, if
all solutionsareon one line.

To avoid this prematureconvergence,perturbationin the
orthogonal direction3 is introduced, see Figure 8 for two
dimensionalcase.In Figure 8, the ”obtained area” is given
by the maximum and the minimum value in eachdirection.
The widths of the obtainedareaare

�

and � in the principal
directionandthe orthogonaldirection,respectively. Basically,
offspring will be generatedin this obtainedarea.However, if
offspring are generatedin this areaonly, the above problem
can occur. Thus, perturbationis introduced.The ”obtained
area” is shifted in the orthogonaldirection by an offset 	

givenby 	 ��
 �
� ����� . Thedirection,i.e., ”+” or ”-”, is chosen

1All test functionsin this papercanbe found in Appendix.
2The usedalgorithm is NSGA-II proposedin [5]. But, the UNDX is used

insteadof simulatedbinary crossover (SBX).
3In the reducedspace,we term the axis with the maximum spreadthe

principal axis (direction)andthe othersorthogonal axes(directions).

randomly. Furthermore,the width
�

is enlarged: ��� ��� ���

�

.
Thenew ”generative area”is givenby � times � shiftedby 	 .
Although several parameterswere introducedandempirically
determined,the performanceof VEDA seemsto be robust
againsttheseparameters.Thus, we �x theseparametersand
leave themunchangedthroughoutthis paper.

Obtained AreaParameter Space

Principal Axis

Generative AreaOrthgonal Axis

b
a

g
d

Fig. 8. Perturbationaddedin the orthogonaldirectionandextensionin the
principal direction. � and � are the differencesbetweenthe maximumvalue
andthe minimum valuein the principal andthe orthogonaldirection. � is the
perturbationin the orthogonaldirection. � is the extensionfor the principal
direction.

D. Voronoi-basedStochasticModel

To simplify the generationof the Voronoi diagram,a dis-
creteVoronoi diagramis used,seeFigure9.

Theprocedurefor generatinga discreteVoronoidiagramfor
a cluster is illustrated in Figure 10. In generatinga discrete
diagram,theconcernedspaceis at �rst divided into a number
of small grids.Thenumberof discretizationlevel in eachaxis
(in the reducedspace),��� , is determinedas follows:

�
�

������� �! "� , here, � and � �� "� area prede�nedparameter
and the numberof datapoints in a cluster.

Voronoi mesh

Discrete Voronoi mesh

Fig. 9. A discreteVoronoi diagram.

Onegrid containsat mostoneindividual (datapoint),which
is denotedby a �lled circle in the �gure. In this step, all
available datapoints, i.e. selectedand non-selecteddata,are
used.If thereis an individual in a grid, its rank is assignedto
the grid. Then, this rank is also assignedto the neighboring
grids in the samerow or in the samecolumn. This step is
indicatedby 1 in Figure10.Next, theneighboringgridsof the
gridsindicatedby 1 arealsoassignedthesamerank,whichare
now indicatedby 2. This procedurecontinuesuntil all grids
which do not containa datapoint areassignedwith the rank.
If a grid is in the neighborhoodof more than one individual
(datapoint), the worst rank will be assignedto this grid. All



grids with the samerank is groupedinto a mesh,in which
only one individual exists.
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Fig. 10. The sample�o w of generationof the Voronoidiagram.The thicker
lines show the boundaryof the Voronoi meshes.Eachsquareis a grid.

E. Generate Offspring

In the previous subsection,all meshesin the Voronoi dia-
gramareassigneda rank.With theassignedrank,theselection
probability canbe calculated.To calculatethe selectionprob-
ability

�

, the geometrydistribution is used.Mathematically,
the geometrydistribution is calculatedas follows:

�

�

���

� ���

���

���	��
 , here,
���

and � are the given value in
the range � � � �

�

��� � � andthe rank, respectively.
For

���

� � � �

�

� � �

�

�
� 
 , the geometrydistributions are shown
in Figure 11. In this paper,

���

� �
� 
 is used.To generate
offspring,a meshis randomlyselectedaccordingto theabove
selectionprobability �rst. In the selectedmesh,an offspring
is generatedwith a uniform probability. This is repeateduntil
all offspring have beengenerated.
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Fig. 11. GeometryDistribution with ���
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F. DatabaseMaintenance

In VEDA, a fast ranking method,namely, non-dominated
sorting proposedby Deb et al. [5] is used.Even with this
method,an increasein thenumberof dataresultsin expensive
computationalcost to evaluate the rank of all data in the
databases.To avoid this increase,we take the following
measure:Two databasesare preparedin VEDA: one is for
storing promising data namely G-database; the other is for
non-promisingdatanamelyB-database. The numberof data
in theG-databaseis thenumberof individualsin a population,

� . This meansthatonly thenumberof datain theB-database

is increasingduring an optimization.In the beginning, the G-
databaseis empty. Thereafter, � parentsand � offspring are
storedin the G-database, i.e. the numberof data is �

� . The
non-dominatedsortingmethodis carriedout for �

� data.The
best � datacanstayin theG-database. Theworst � datamove
to theB-database. In theB-database, all dataareassignedthe
samerank which is theworst rank increasedby onein theG-
database, so that all datain the B-databasehave worserank
than the onesin the G-database.

IV. SIMULATION RESULTS

A. Comparisonof VEDA with NSGA-II

The proposedmethodis testedon SCH1( ��� �

�

� ), FON2
( � � �

�

� ) and OKA4 ( � � � ). For a comparison,NSGA-II
proposedin [5] is alsotested.The usedparametersareshown
in Table I. In many real-world applications,only a limited
numberof �tness evaluationscan be carriedout. Thus, only
1000�tness evaluationsareallowedin thesimulation.In Table
I, the � correspondsto theaccuracy of a model.To reducethe
computationalcost for � � � , the accuracy is reducedfrom

� � � � � to � � � .

TABLE I

PARAMETERS USED HERE.

VEDA
Parameter Value
Numberof Data 100
Populationsize 100
Maximum iterations 10
Parameter� 1.0 for � ���

(SeeSectionIII-D) 0.5 for � � �

NSGA-II
Populationsize 100
Maximum iterations 10
Coding Gray coding
Crossover One-pointcrossover
Crossover rate 0.9
Mutation (GA) Bit �ip
Mutation rate(GA) 0.01
Numberof bits per 20
a designparameter

In order to give an impressionof the generatedmodels,
the models for OKA4 (in the parameterspace)in the �rst
generationand the �fth generationare shown in Figure 12.
The color correspondsto the rank, i.e., the darker the color,
thehigherthe rank.Clearly, thegeneratedmodelhasa higher
probability nearthe Paretofront in the parameterspace.

Theresultsof SCH1,FON2andOKA4 areshown in Figure
13. SinceOKA4 is designedwith a non-linearParetofront in
theparameterspace[17], thesolutionsin theparameterspace
on OKA4 arealsoshown in Figure14.

In the �gures, all parentsare plotted. Since many parent
individualsin NSGA-II have not convergedto theshown area
within 10 generations,the numberof individualsseemsto be
smallerthanVEDA. On testfunctionsSCH1andFON2with a
dimensionof 2, thedifferencein performancebetweenNSGA-
II andVEDA is minor, althoughVEDA seemsto performa bit
betterthanNSGA-II. On testfunctionsSCH1andFON2with



Rank

(a) Generation1 (b) Generation5

Fig. 12. Generatedstochasticmodelsfor OKA4 in theparameterspace.The
Paretofront is ��� �������	��
 �����
� .

a dimensionof 5, the performanceof both is not suf�cient.
However, VEDA shows a betterperformancethan NSGA-II.
On theOKA4, thedifferenceis moreobvious.VEDA achieves
almosta completeParetofront but NSGA-II doesnot. From
theseresults,VEDA shows betterperformancethanNSGA-II
whenonly a limited numberof �tness evaluationsis allowed.
This indicatesthat VEDA is very promisingfor solving real-
world optimizationproblemswhereonly a limited numberof
�tness evaluationscanbe afforded,seee.g. [16].

B. Comparisonof VEDA with Other EDAs for MOO

We compare VEDA with two EDAs for MOO, the
mixture-basediterateddensity estimationevolutionary algo-
rithm (MIDEA) [22] and the Parzen-basedEDA (PEDA) [3].
Sinceboth of themhave usedthe sametestfunctions,we use
thesetest functions for the comparison.Since MIDEA [22]
did not show a suf�ciently good quality on ZDT4 ( � � � � ),
ZDT4 is not used.The maximumnumberof iterationsis set
as shown in Table II. In VEDA, the numbersof initial data
andoffspring are100 andthe valueof � is 1.0 for FON2 and
KUR1 and0.1 for DEB4.

TABLE II

MAXIMUM NUMBER OF ITERATIONS. SEE [22] FOR MIDEA AND [3] FOR

PEDA.

Method FON2 ( � ��� ) KUR1 ( � ��� ) DEB4 ( � ��� � )
MIDEA [22] 3754 10762 8426

PEDA [3] 3100 11000 8300
VEDA 1000 5000 8300

The resultsof VEDA areshown in Figure15. By comparison
with the resultsreportedin [3], [22], one can concludethat
the performanceof VEDA with fewer �tness evaluationsis
similar to MIDEA and PEDA on FON2 and KUR1. But
VEDA is inferior to themon DEB4. Takinga closerlook, it is
found that VEDA generatedmany infeasiblesolutionsin the
DEB4 function. Since the currentVEDA has no restrictions
in perturbingtheorthogonaldirection,VEDA is very likely to
generateoffspring in the infeasibleregion wherethe variables
are smaller than zero. By adding additional constraintsin
perturbation,the performancecould be improved.
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Fig. 13. Theresultsin the �tness spaceby VEDA andNSGA-II. Only 1000
�tness evaluationsareallowed.

C. ModelingPareto Front with VEDA

In the literature, most MOO methods output a set of
solutionsto representthe Pareto front. It is argued that this
is not the best representationbecausethe structure of the
Pareto-optimalsolutionsis completelylost [9]. To addressthis
problem,a new way to representParetooptimal solutionsis
suggestedby modelingPareto-optimalsolutionsusing piece-
wise linear functionsin the parameterspacein [9]. Sincethe
Pareto front in the parameterspaceof most MOO problems
hasa simple structure,it is possibleto improve the accuracy
by modelingthe Pareto-optimalsolutions.

Oneof theimplicit characteristicsof VEDA is theavailabil-
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Fig. 14. Theresultsin theparameterspaceon OKA4 by VEDA andNSGA-
II. The Paretofront is � � ��� � �
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Fig. 15. Comparisonof VEDA with the literature[3], [22].

ity of a mathematicaldescriptioninsteadof just a solutionset.
SinceVEDA usesthe PCA and the maximumandminimum
valuesin eachaxis,VEDA canoutputamodelfor representing
thePareto-optimalsolutions.As anexample,theparametersof
themathematicalmodelobtainedby VEDA on SCH1( � � � )
aregivenin TableIII andits graphicaldescriptionis shown in
Figure16.In the�gure, thedottedline is theParetofront in the
parameterspace.The principal axis shows the gradientof the
solution set and the minimum and maximumvaluesindicate
the rangeof the solution distribution. Since the true Pareto
front of SCH1in theparameterspaceis

���

�

�




� �





 � �

�

� � ,
theVEDA seemsto besuccessfulin obtaininga mathematical
descriptionof the Pareto-optimalsolutions.

TABLE III

MATHEMATICAL OUTPUT OF VEDA.

PrincipalAxis �

��� � ������� � � ��� � � � � � ���

OrthogonalAxis �

��� � � � � � ���
	 ��� � ������� ���

Minimum Valuein PrincipalAxis 	 ��� � �	�������

Maximum Valuein PrincipalAxis ��� � � � � ���

Minimum Valuein OrthogonalAxis 	 ��� �
��� ��� �

Maximum Valuein OrthogonalAxis ��� ��� � � � �
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Fig. 16. Graphicaloutput of VEDA. The solid rectangleis the output of
VEDA. The dottedline is the true Paretofront in the parameterspace.

V. SUMMARY

In this paper, a Voronoi-basedestimationof distribution
algorithm(VEDA) hasbeenproposedfor solvingMOO prob-
lems.In VEDA, the offspring distribution in termsof ranking
is directly usedto generatenew individuals.Informationfrom
not only the selectedindividuals but also from those that
are not selectedis includedin the model.Using the concept
of Voronoi mesh,a stochasticmodel is constructedand the
promisingsolutionsaregeneratedaccordingto themodel.The
performanceof VEDA hasbeencomparedwith the NSGA-II
on several test functions. It is shown that the performance
of VEDA is better than NSGA-II when a limited number
of �tness evaluationsis allowed. This implies that VEDA is
very promisingfor solving real-world problemswhere�tness
evaluationsarevery time-consuming.

Although VEDA shows good performanceon several test
functions, a drawback of VEDA as well as other EDAs is
that the computationalcomplexity increasesrapidly with the
increaseof the dimensionality. In addition,properconstraints
should be included in perturbing the orthogonalsearchdi-
rection. In the next step, we would also like to verify the
performanceof VEGA for real-world applications.

ACKNOWLEDGMENT

Theauthorswould like to thankProf.Dr. E. KörnerandMr.
A. Richter for their supportsand reviewers for their fruitful
comments.

REFERENCES

[1] Bosman,P. A. N. and Thierens,D., An Algorithmic Framework for
Density EstimationBasedEvolutionary Algorithms, TechnicalReport
UU-CS-1999-46,UtrechtUniversity, 1999.

[2] Coello,C. A. C.,VanVeldhuizen,D. A. andLamont,G. B., Evolutionary
Algorithms for Solving Multi-Objective Problems, Kluwer Academic
Publishers,2001.

[3] Costa,M. and Minisci, E., MOPED: A Multi-objective Parzen-based
Estimation of Distribution Algorithm for Continuous Problems, In
FonsecaC. M. et al., editors,Proceedingsof the SecondInternational
Conferenceon EvolutionaryMulti-Criterion Optimization, pages282–
294, 2003.

[4] Deb, K., Multi-ObjectiveOptimizationusing EvolutionaryAlgorithms,
JohnWiley & Sons,LTD., 2001.

[5] Deb, K., Pratap,A., Agarwal, S. andMeyarivan, T., A Fast andElitist
Multiobjective Genetic Algorithm: NSGA-II, IEEE Transactionson
EvolutionaryComputation, 6(2), pages182–197,2002.

[6] Deb,K., A ComputationallyEf�cient EvolutionaryAlgorithm for Real-
ParameterOptimization,EvolutionaryComputation, 10(4), pages371–
395, 2002.



[7] Fukuda,K., http://www.ifor.math.ethz.ch/staff/fukuda/polyfaq/node29.html.
[8] Igel, C. andKreutz,M., OperatorAdaptationin EvolutionaryComputa-

tion andIts Application to StructureOptimizationof NeuralNetworks,
Neurocomputing,55(1-2),pages347–361,2003.

[9] Jin, Y. and Sendhoff, B., Connectedness,Regularity and the Success
of Local Searchin EvolutionaryMulti-Objective Optimization,In Pro-
ceedingsof Congresson EvolutionaryComputation, pages1910–1917,
2003.

[10] Jolliffe, I. T., Principal ComponentAnalysis, SpringerVerlag,2002.
[11] Kaufman, L. and Rousseeuw, P. J., Finding Groups in Data - An

Introductionto ClusterAnalysis, Wiley-Interscience,1990.
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APPENDIX

Test functionsusedin this paperareas follows:
� SCH1test function
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� OKA4 test function
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� KUR1 test function
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See[2], [4] for the Paretofront in the �tness andparameterspace.
� DEB4 test function
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R : Obtainedempirically.
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